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Abstract
We consider a lattice model of fully directed copolymer adsorption equivalent to the enumer-
ation of vertex-coloured Dyck paths. For two in4nite families of periodic colourings we are able
to solve the model exactly using a type of symmetry we call an exchange relation. For one
of these families we are able to 4nd an asymptotic expression for the location of the critical
adsorption point as a function of the period of the colouring. This expression describes the e6ect
of a regular inhomogeneity in the polymer on the adsorption transition.
? 2003 Elsevier B.V. All rights reserved.
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1. Introduction
The enumeration of lattice paths and walks has inspired combinatorialists for genera-
tions. These objects have also been the subject of study in the physical sciences as
models of linear polymers in dilute solution [13,14]. In statistical mechanics, the canon-
ical model of a polymer in dilute solution is a self-avoiding walk [28]; this model is
non-Markovian, and it remains unsolved. Directed path models [7] of linear polymers,
on the other hand, have been solved in the combinatorics literature, and retains enough
physical content to be of interest in statistical mechanics. In this paper we consider a
Dyck path model of a linear copolymer undergoing adsorption onto a solid wall. This
adsorption is a critical phenomenon, and we describe it using critical scaling; while we
also show that combinatorial arguments are used to locate the critical adsorption point
in a Dyck path model of an in4nite family of periodic copolymers.
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Fig. 1. Polymers interacting with a solid wall (the horizontally orientated and shaded slab). From left-to-right;
a polymer in its desorbed or free phase, a polymer in the adsorbed phase, and a self-avoiding walk with
vertex visits highlighted.
Consider a long chain polymer in solution close to the wall of a container (see
Fig. 1). If there is an attractive force between the polymer and the wall, then the
polymer may undergo a change in behaviour: If the attractive force is weak then the
fraction of the polymer in contact with the wall approaches zero as the length of the
polymer goes to in4nity; in this case we say that the polymer is desorbed or free. On
the other hand, if the attractive force is suEciently strong, then the limiting fraction
of the polymer in contact with the wall will be positive; we say that the polymer is
adsorbed. Each of these distinct behaviours is called a phase, the change between the
two phases is called a phase transition, and the point at which the transition occurs is
called a critical point.
A variety of lattice models of polymer adsorption have received much attention in
the literature over the last two decades. Perhaps the most well-known model of this
type is an adsorbing self-avoiding walk [18,28] in a half-space 4rst de4ned in [18], in
which con4gurations are weighted according to the number of vertices or edges lying
in the boundary, being the X -axis in two dimensions and XY -plane in three dimensions.
We refer to such vertices and edges as vertex visits and edge visits.
Polymers are constructed from smaller molecules called monomers. In a homo-
polymer all the monomers are the same. A (lattice) self-avoiding walk is a model
of a homopolymer, while a Dyck path is a model of a homopolymer in a half-space
attached to a solid wall. Assigning di6erent colours to the vertices or edges of a walk
mimics a polymer is made up of monomers with di6erent properties. Such a polymer
is called a copolymer and perhaps the best known example of a copolymer is DNA,
which is constructed of four di6erent monomers distinguished by their bases: adenine
(A), guanine (G), cytosine (C), and thymine (T). By assigning di6erent properties to
vertices of di6erent colours, one can model the e6ect of this inhomogeneity on the
adsorption of the polymer.
Quite a lot is known rigorously about the adsorbing self-avoiding walk model: In
particular, it is known that its phase diagram, which describes the behaviour of the
model for di6erent values of the interaction strength, includes a critical point which
corresponds to an adsorption transition. The adsorption transition is driven by an inter-
action between visits in the walk and the plane, and takes place at a critical point at a
critical strength of the interaction. For more details of this model, see Refs. [20,22,34].
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Fig. 2. An example of a Dyck-path. The shaded horizontal slab is an impenetrable adsorbing wall.
Underlying the “physical” properties of the adsorbing self-avoiding walk are its com-
binatorial properties. Unfortunately there are very few rigorous combinatorial results
known for this model [28], and attention is instead often shifted to directed versions
of the above problem [21], see also Refs. [2,4,5,9,15,31,35]. The problem of adsorbing
directed paths is equivalent to the problem of enumerating Dyck paths [15]. From the
generating function of Dyck paths, enumerated according to their length and number of
vertex visits it is possible to extract details of the “physical” behaviour of the model.
In this paper we only consider vertex visits and so we shall refer to them simply as
“visits”.
The horizontal axis below Dyck paths can be considered to be an adsorbing wall
(see Fig. 2) making this a natural model for an adsorbing directed polymer, as well
as a simpli4cation of the self-avoiding walk model. Dyck paths are, perhaps, one of
the most studied and best understood objects in combinatorics. They are one of the
many objects enumerated by the Catalan numbers [32] whose history dates back as far
as Euler in the 18th century [25], and possibly even earlier [24,27]. In spite of this
long history, there still remain special challenges in the determination of the generating
functions of models derived from the basic case.
In this paper we consider a certain model of vertex-coloured Dyck paths, and our
basic question would be to determine the generating function and the location of the
adsorption transition as functions of this colouring. This problem has so far been gen-
erally intractable, but we shall solve it for an in4nite family of periodic colourings
(solutions exists for some particular cases in both the Dyck path model [22], and also
in a related model of partially directed walks [35]).
Consider a set of k colours, let  be an in4nite sequence of these colours. We create
a vertex-coloured Dyck path, by assigning the ith colour in  to the 2ith vertex of
every Dyck path (since only even numbered vertices may be visits). In this paper
we consider the problem of counting vertex-coloured Dyck paths according to their
half-length and the number of visits of each colour. We refer to the k = 1 case as the
homopolymer model and when k ¿ 1 we refer to the copolymer model. If colours are
assigned randomly then either a quenched averaged or annealed model is obtained (see
[22] for more details). The annealed model is simply related to the homopolymer case.
Quenched models are obtained when the colouring is 4xed; these models are generally
intractable, and in this paper we examine two families of 4xed periodic colourings that
are solvable.
In Section 2 we review the generating functions associated with Dyck paths. These
are found by methods which, broadly speaking, are one of the following types: a
factorisation method or a column-by-column (or Temperley) method [33]. In these
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models all visits are weighted identically; the models may be interpreted as models
of homopolymer adsorption. We brieMy consider the phase diagram of this model; it
includes a critical point where an adsorption transition takes place, and it is in fact
possible to write down the exact numerical value of the activity at this critical point.
We also demonstrate how the adsorbing Dyck path generating function can be derived
using a technique we call an “exchange relation”.
In Section 3, we examine the generating function of a model of adsorbing Dyck paths
in which visits are not identically weighted—in particular, visits are given one of two
weights. We construct this model by colouring the Dyck path with a sequence of two
colours, A and B, from one endpoint, and assigning a weight to each visit according to
its colour; these objects may be interpreted as models of directed copolymer adsorption.
As in the case of a homopolymer model, there is a critical point in the phase diagrams
of these models where an adsorption transition takes place; but the location of this point
is a non-trivial function of the colouring. We explain why the standard techniques used
to solve the homopolymer case break down for the copolymer case, and show how
the exchange relation for Dyck paths may be used to write down an expression for
the generating function of Dyck paths coloured by the sequence {ABp−1}∗A for any
p. We also determine the asymptotic form of the Dyck path generating function, and
show how it may be used to write down an asymptotic expansion in p of the critical
adsorption activity in this model.
2. Statistical mechanics of adsorbing Dyck paths
Let cn be the number of Dyck paths of half-length n; it is well known that this
number is simply the nth Catalan number:
cn =
1
n+ 1
(
2n
n
)
: (1)
Let cn;m be the number of Dyck paths of half-length n with m visits (i.e. having m
vertices lying on the adsorbing line). The generating function of this model is de4ned
to be
D(z; w) =
∑
n;m
cn;mwmzn; (2)
where z is the generating variable of the half-length of the paths. The number cn;m is
known to be given by
cn;m+1 =
m
2n− m
(
2n− m
n− m
)
: (3)
The generating variable w weights visits in the Dyck path, and is often called an
activity. In the work that follows we shall refer to the paths enumerated by D(z; w) as
“adsorbing” or “weighted” Dyck paths, while those counted by D(z; 1) are “unweighted”
Dyck paths or just “Dyck paths”, since visits are not considered. In statistical mechanics
it is also not unusual to de4ne w = eJ=kT = e where J and k are some physical
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constants, T is temperature and  is proportional to the energy associated with each
visit in the path. 1 Under this substitution, the generating function becomes the “grand
canonical partition function” for the model, where z is related to a chemical potential
[6]. This function is the central object in statistical mechanics, since it contains all the
information required to determine the behaviour of the model.
2.1. The Dyck path generating function
A comprehensive study of Dyck paths can be found in Ref. [2,10]. The Dyck path
generating function can be obtained by showing that it has to satisfy a certain functional
recursion. The functional recursion is obtained by translating a factorisation of Dyck
paths into operations on the generating function. Note that each path counted by D(z; w)
(other than the trivial path composed of a single vertex) can be factored by cutting it
in its 4rst return to the horizontal axis. Namely,
this factorisation shows that every adsorbing Dyck path is either a single visit, or has
a prefactor which is a Dyck path with exactly two visits (its 4rst and last vertices),
and then followed by an arbitrary adsorbing Dyck path (which may consist of a single
vertex).
Dyck paths with exactly two visits are sometimes called excursions [21,22], or prim-
itive Dyck paths; they have generating function zD(z; 1). Putting all of this information
together gives the following functional equation for D(z; w):
D(z; w) = w + zwD(z; 1)D(z; w): (4)
This is readily solved to give
D(z; w) =
w
1− wzD(z; 1) =
w
1− w=2 (1−√1− 4z) : (5)
Alternatively, observe that w[wzD(z; 1)]m generates Dyck paths with m primitive com-
ponents concatenated along the main diagonal, with each visit weighted by w. Hence
D(z; w) =
∑∞
m=0 w[wzD(z; 1)]
m = w=(1− wzD(z; 1)) as seen above.
We note that if the vertices of the Dyck path are coloured, then this construction
does not conserve the colouring. To overcome this one must take into account the
colour of the 4rst and second visit-vertices in this factorisation. In the case that the
colouring is periodic with period p, then this leads to a system of p simultaneous
1 If we write w=e, then in the language of statistical mechanics  can be called a fugacity, and w is an
activity. In these models the activity is a parameter which controls the strength of interaction of the paths
with the wall. We shall also often say that a visit is weighted by its generating variable, or its activity or
fugacity [6].
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equations in p generating functions—each one counting Dyck paths whose vertices
are coloured starting from a di6erent point in the period. For small p (up to 4 or 5,
say) this system of equations may be solved by hand or computer (see [22,35] for
example), however for even moderate periods this quickly becomes impractical.
2.2. From generating functions to phase transitions
There is a close relation between the statistical mechanics and combinatorics in this
model, and we describe it’s “physical” behaviour from the behaviour of the generating
function. If the numerical value of the activity w in D(z; w) is increased, then paths
with larger numbers of visits will contribute more to the generating function and, since
they are in some sense “more important”, determine the thermodynamic phase of the
model—whether or not it is adsorbed or desorbed. Consider now the following:
D(z; w) =
∑
n¿0
(∑
m¿1
cn;mwm
)
zn =
∑
n¿0
Zn(w)zn; (6)
where Zn(w) is the partition function of the model and is related to the radius of
convergence of the generating function by
log zc(w) =
(
lim
n→∞
1
n
log Zn(w)
)−1
=−F(w); (7)
where zc(w) is the radius of convergence, and F(w) is the canonical limiting free-energy
density [22]. 2 This relation between zc(w) and F(w) explicitly connects the combi-
natorics and thermodynamics of the model. The change of phase, from desorbed to
adsorbed, is signalled by a non-analyticity in F(w), and also in zc(w). Describing the
location of this transition for vertex-coloured Dyck paths, and the behaviour of the
generating function close to it, are the major goals of this paper.
From Eq. (5) one sees that
zc(w) =


1=4; w6 2;
w − 1
w2
; w¿ 2
(8)
from which the limiting free energy, F(w), can be explicitly computed:
F(w) =−log zc(w) =
{
2 log 2; w6 2;
2 logw − log(w − 1); w¿ 2:
(9)
Observe that for w¿ 0, the free energy is a continuous function of w, but that F(w) is
non-analytic at w=wc = 2. The non-analyticity is a phase transition in this model, and
since the 4rst derivative of F(w) with respect to logw is also continuous, we call this
phase transition a “continuous transition” (as opposed to a 4rst-order phase transition
2 We note that the derivative of F(w) with respect to logw is the limiting density of visits, i.e. the limiting
average number of visits per unit length. The second derivative of the limiting free energy with respect to
logw is called the speci:c heat and this is a measure of the Muctuations in the density of visits.
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where the 4rst derivative of F(w) is discontinuous; and this is interpreted to signal the
presence of a latent heat in the model).
Using singularity analysis, one can compute the mean number of visits in paths
weighted by wm as a function of the length of the path:
mean number of visits(n) ∼


2
2− w + o(1); w¡ 2;√

√
n+O(1); w = 2;
w − 2
w − 1 n+O
(√
n
)
; w¿ 2:
(10)
This shows that in the n → ∞ limit, the density of visits is 0 in the desorbed phase
and at the critical point, and is positive in the adsorbed phase. This can also be seen by
an analysis of the free energy (see [22] for details)—if w¡ 2, then all the derivatives
of the free energy, with respect to w, are zero; the expected density of visits is zero,
and the free energy is determined entirely by a class of Dyck paths which visits the
adsorbing line with zero density. Whereas when w¿ 2, the 4rst derivative of the
free energy is positive and so the free energy is dominated by a class of Dyck paths
which has a non-zero expected density of visits. Further analysis shows that the second
derivative of F(w) with respect to log (w) (i.e. the speci4c heat) is
d2F(w)
d(logw)2
=


0; w¡ 2;
w
(w − 1)2 ; w¿ 2:
(11)
This is a measure of the Muctuations in the number of visits and it is maximised at
w = wc = 2. We expect this to be the case, since when the model is away from the
critical point, all members of the population have roughly the same number of visits,
however, when the model is close to the critical point and there is a change in the
behaviour of the model, we expect that members of the population have widely di6erent
numbers of visits.
We are also interested in the behaviour of the generating function close to the
critical point, wc; in this case wc = 2. Physicists use critical exponents to describe
and classify the nature of the phase transition; the square-root singularity in D(z; w) is
quite characteristic in models of this kind; and in particular it determines many of the
critical exponents associated with the phase transition; for more details see Ref. [22].
In Fig. 3, we give a schematic plot of the radius of convergence of the adsorbing Dyck
path generating function and indicate exponents associated with the behaviour of the
generating function in regimes.
The part of the critical line zc(w) = 1=4 with w¡wc is usually called the -line.
The critical curve zc(w) with w¿wc is called the -line. The behaviour of the gen-
erating function as one approaches the -line with 4xed w¡wc de4nes the exponent
−: D(z; w) ∼ (zc(w) − z)2−− , where the symbol ∼ indicates the dominant singular
behaviour of D(z; w). Expanding D(z; w) about z = 1=4 shows that
D(z; w) ∼ 2w
2− w −
2w2
(2− w)2
√
1− 4z +O(1− 4z):
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Fig. 3. The radius of convergence and the de4nitions of various scaling exponents. The limiting free energy
is F(z) = −log zc(w), and it has a non-analyticity marked by • above. The generating function exhibits
certain scaling behaviours described by scaling exponents {t ; u} close to the critical point. This graph of
zc(w) is a phase diagram, and the region close to the critical point at • is the tricritical scaling region.
Thus, the dominant singular term in 1− 4z is a square root, and (2− −) = +1=2. A
similar analysis at w = wc = 2 gives the critical exponent (2− t) =−1=2. Lastly, for
w¿wc the singularity is a simple pole and so (2− +) =−1.
Since the generating function is convergent along the -line, but divergent at the
adsorption transition, a further exponent (2−u) is introduced to describe the singularity
in D(z; w) as w → 2− along the -line. In the situation here,
D(1=4; w) =
2w
2− w ; (12)
so that (2 − u) = −1. The general theory of tricritical points [22,26,30] de4nes a
crossover exponent =(2−t)=(2−u)=1=2; remarkably, this exponent also describes
the shape of the -line close to the critical point.
3. Vertex-coloured Dyck paths and critical points
In this section we present our main results. We are particularly interested in the
location of the critical adsorption point in Dyck path models of adsorbing copolymers.
The location of this point is known for two models of adsorbing Dyck paths, one
corresponding to an homopolymer model (wc = 2) and the second to an alternating
copolymer model
(
wc = 2 +
√
2
)
[22]. The exact value of wc is also known for some
partially directed walk models of copolymers with short periodic colourings [29,35],
but there are no further general results in the literature. While we will be interested in
values of wc, we shall not be able to determine the exact value of wc for any given
colouring, but instead focus our energies on an in4nite family of periodic copolymer
models coloured by {ABp−1}∗A. In this case we are able to calculate wc exactly for
small values of p, but more interestingly we are able to derive its asymptotic behaviour
for large values of p.
We proceed by 4rst determining a new functional relation related to Eq. (4). This
relation establishes an exchange relation between D(z; w) and D(z; 1) with respect to
1↔ w. While this equation cannot be used to solve for D(z; w) it does have the advan-
tage that it also holds for certain vertex-colourings and enables us to 4nd generating
functions and asymptotic expressions for the adsorption activity.
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Weighted
Weighted
Unweighted
Unweighted
Fig. 4. This is a schematic representation of a partially weighted Dyck path. Starting from the left and
working towards the right, each visit is weighted w. At some point before the end of the path is reached
the situation is as represented in the top half of the illustration. Proceeding on to the next visit gives the
lower illustration. The correspondence between these two pictures gives Eq. (13).
3.1. Exchange relation in adsorbing Dyck paths
Let P be a non-empty and unweighted Dyck path. Start at the left-most vertex in P
at the origin, and weight visits in P by w in sequence. After a certain arbitrary number
of visits have been weighted, but not all, the situation is as depicted in the top half
of Fig. 4. This con4guration factors into two halves: the left part is a weighted Dyck
path, which may be a single vertex and so is enumerated by D(z; w). The second half
is an unweighted Dyck path, which may not be a single vertex since P is not empty,
and so is enumerated by D(z; 1)− 1.
If the next visit in the path is now weighted then we account for this extra factor
of w by multiplying the generating function by w to obtain
wD(z; w)(D(z; 1)− 1):
On the other hand, the reweighted path in the lower half of Fig. 4 may instead be
considered. Again the walk factors into two halves; one weighted and one unweighted.
The weighted part of the walk is longer than before and so cannot be a single vertex,
and so is counted by D(z; w)−w. The unweighted half is shorter and so may possibly
be a single vertex, and is counted by D(z; 1).
This construction creates a correspondence between pairs of weighted and unweighted
Dyck paths, and applying it to all possible pairs of weighted and unweighted paths gives
the following functional relation involving D(z; w) and D(z; 1):
wD(z; w)(D(z; 1)− 1) = (D(z; w)− w)D(z; 1): (13)
This relation between D(z; w) and D(z; 1) exhibits an exchange symmetry which ex-
changes w ↔ 1 between the generating functions of absorbing and free Dyck paths;
note the role reversal of the generating functions on both sides of the equation.
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Solving this equation for D(z; w) gives
D(z; w) =
wD(z; 1)
w + (1− w)D(z; 1) : (14)
This solution is not identical to the relation in Eq. (4), but using the fact that D(z; 1)=
1 + zD(z; 1)2, shows them to be equivalent. Further, it is not possible to solve for
D(z; w) from Eq. (13); a solution for D(z; 1) is needed as well and cannot be obtained
by setting w=1 in the above. This indicates that the exchange relation is not equivalent
to Eq. (4), and at the same time, it does not appear to be particularly useful since
D(z; 1) must be computed by some other means.
The exchange relation for D(z; w) may also be derived using a di6erent approach. 3
Let P(z) = z2D(z; 1) be the generating function of an excursion. Then the generating
function of Dyck paths may be decomposed uniquely into excursions so that D(z; w)=
w + w2P(z) + w3P(z)2 + · · · from which it follows that
D(z; w) =
w
1− wP(z) : (15)
This may also be seen by iterating Eq. (4). Solving for P(z) shows that
P(z) =
1
w
− 1
D(z; w)
=
1
u
− 1
D(z; u)
; (16)
where w 
= u in general. Solving this shows the exchange symmetry
u(D(z; w)− w)D(z; u) = wD(z; w)(D(z; u)− u) (17)
under the exchange w ↔ u, a generalization of Eq. (13).
Alternatively, it also follows directly from Eq. (13) that
wD(z; w)
D(z; w)− w =
D(z; 1)
D(z; 1)− 1 =
uD(z; u)
D(z; u)− u (18)
from which one may directly obtain Eq. (17).
These exchange relations must be satis4ed by D(z; w), and also by the generating
functions of certain vertex-coloured Dyck path models of copolymer adsorption; it will
prove to be very useful in those models. It also appears to hold, in very similar forms,
for other models of directed or partially directed paths [23].
3.2. Generating functions of {ABp−1}∗A and {BAp−1}∗B
The exchange relation in Eq. (13) can be applied to a Dyck path model of copoly-
mers. In such models, the even vertices 4 of the Dyck path are coloured with two
colours A and B, where the A-visits are weighted by a and the B-visits by b. An
assignment of colours in this way to a Dyck path will be called a “quench”; this term
derives from polymer physics where a 4xed sequence of comonomers along a linear
3 This was pointed out by an anonymous referee.
4 If the vertices along the path are labelled sequentially from the left by 0; 1; 2; 3; : : :, then those with
even labels are called “even vertices”. The remaining vertices are “odd” and cannot visit the adsorbing
diagonal—hence they are not coloured.
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polymer are said to be quenched. In this and subsequent sections we shall put b = 1
and a will be the only activity in the model.
The generating function of these models cannot be derived directly using the methods
described in Sections 2.1 and 2.2, with the exception of a couple of models with
periodic quenches of very short period [22]. There are also some results along these
lines for adsorbing partially directed walk models for copolymer adsorption [29,35].
A good result would be to extend some of these results to other in4nite families of
quenches with, for example, arbitrarily long periods or even for aperiodic quenches;
this still seems to be an intractable problem.
We shall instead focus on a quench given by the sequence {ABp−1}∗A of period
p with activities a and b= 1, and determine an asymptotic expression for the critical
value of a = ac as a function of p. The methods we develop here only apply to this
particular quench, but we are also able to say something about its “complementary
quench” {BAp−1}∗B where the activities are a and b= 1.
The correspondence which gave the exchange relation in Eq. (13) is also applicable
to Dyck path models of periodic copolymers coloured by {ABp−1}∗A. A weighted
Dyck path is coloured, or “labelled”, starting from its leftmost vertex by putting a
colour on every second vertex. Each A-vertex which is also a visit is given a weight
a. The colouring is stopped at some A-visit, and the remaining part of the path is left
uncoloured—note that the coloured part of the path must have half-length congruent
to 0modp. If the path is then labelled up to and including the next A-visit, then the
half-length of the coloured part of the path is increased by a multiple of p again, while
the unweighted part of the path decreases in half-length by the same amount. Hence
we require that both parts of the path have half-length divisible by p.
Let us now de4ne the following generating functions, half-length weighted by a,
visits (coloured or otherwise) by w and A-visits by a:
De nition 1. Fix p, the period of the colouring. Then:
• U (z; w|p) is the generating function of all unlabelled Dyck paths of half-length
0modp, with visits weighted by w, and de4ned by
U (z; w|p) =
∑
n¿0
∑
m¿0
cnp;mwmznp:
• L(z; w; a|p) is the generating function of all Dyck paths coloured or labelled by
= {ABp−1}∗A, with half-length congruent to 0modp, and with visits weighted by
w and A-visits weighted by a.
The exchange relation obtained in the construction above can be written in terms of
U (z; w|p) and L(z; w; a|p):
Theorem 1. For any :xed p, the generating functions U and L satisfy
aL(z; w; a|p)(U (z; w|p)− w) = (L(z; w; a|p)− wa)U (z; w|p) (20)
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and therefore
L(z; w; a|p) = waU (z; w|p)
wa+ (1− a)U (z; w|p) : (21)
Note that L(z; w; a|p) is not the generating function of all coloured Dyck paths of
arbitrary half-length; but it is enough to describe the physics of the full model. The
radius of convergence zc(w; a) of L(z; w; a|p) can be seen to be equal to the radius of
convergence of the full generating function for this model. To see this, consider the
following de4nition and Theorem 2.
De nition 2. Let F(z; w; a|p) be the full generating function of Dyck paths coloured
by {ABp−1}∗A. Further, let SF(z; w|p)=lima→0(F(z; w; a|p)=a), which is the generating
function of these coloured Dyck paths, such that all but the 4rst A-visit are forbidden.
Note that L(z; w; a|p) is obtained by taking every pth coeEcient of F(z; w; a|p), and
that SF(z; w|p) is also the coeEcient of a1 in F(z; w; a|p).
Theorem 2. The generating functions F(z; w; a|p) and SF(z; w|p) are related by
F(z; w; a|p) = L(z; w; a|p) SF(z; w|p)=w: (22)
Consequently
F(z; w; a|p) = L(z; w; a|p)D(z; w)=U (z; 1|p) = waD(z; w)
wa+ (1− a)U (z; w|p) : (23)
Proof. Any Dyck path coloured by {ABp−1}∗A may be uniquely factored into a Dyck
path of length 0modp and a Dyck path with no subsequent A-visits, by cutting it at
the rightmost A-visit. This proves the 4rst equality.
Setting a=1 gives SF(z; w|p)=F(z; w; 1|p)=L(z; w; 1|p). If we note that L(z; w; 1|p)=
U (z; w|p) and F(z; w; 1|p) =D(z; w), then back-substitution gives the main result.
By setting w=1 in the above, F(z; 1; a|p) is obtained. This is the generating function
of Dyck paths coloured by  = {ABp−1}∗A where A-visits are weighted by a. On the
other hand, if we let a→ 1=a and w= a instead, then F(z; a; 1=a|p) counts Dyck paths
coloured with the “complementary” colouring  = {BAp−1}∗B with a the generating
variable of the number of A-visits. This gives the following corollary to Theorem 2:
Corollary 3. The generating function of a Dyck path model of adsorbing copolymers
coloured by {ABp−1}∗A is given by F(z; 1; a|p), and of adsorbing copolymers coloured
by {BAp−1}∗B is given by F(z; a; 1=a|p), where a generates A-visits.
In the proof of Theorem 2 we made use of the generating function, SF(z; w|p), that
counts Dyck paths labelled {ABp−1}∗A is which all A-visits are forbidden, excepting
the 4rst. This generating function is obtained by starting with the generating function
of all Dyck paths, D(z; w), and then dividing by the generating function of those that
end in an A-visit, U (z; w|p).
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It appears that this idea may be applicable to other periodic colourings, and it is
certainly worthy of a more thorough investigation, particularly if it enables us to solve
other copolymer adsorption models.
3.3. The location of the adsorption critical point
Let us 4rst consider the homopolymer case. The generating function of adsorbing
Dyck paths is given by Eq. (5); and its radius of convergence zc(w) is given in Eq.
(8). zc(w) is non-analytic at wc = 2, and we have already argued that this corresponds
to a critical adsorption point in this model. This point is also the intersection of a
line of branch points in D(z; w) along z = 1=4 and a line of simple poles along z =
(w− 1)=w2. The changeover from branch points to poles at the critical point is typical
in a multi-critical phase diagram [22,30], and indeed it is also apparent in these models
of vertex-coloured Dyck paths.
Let us now consider Dyck paths coloured by ={ABp−1}∗A. The generating function
is given by
F(z; 1; a|p) = aD(z; 1)
a+ (1− a)U (z; 1|p) ; (24)
where U (z; w|p) the generating function of Dyck paths of length 0modp, and can be
explicitly expressed as
U (z; w|p) = 1
p
p−1∑
j=0
D(jz; w); where  = e2i=p: (25)
This expression simpli4es to give
U (z; 1|p) = −1
p
p−1∑
j=0
√
1− 4zj
2zj
: (26)
The generating function in Eq. (24) has two possible sources of singularities, namely
the singularities of U (z; 1|p) and the zero of the denominator, which is the solution
of a=(a − 1) = U (z; 1|p). We see from the expression for U (z; 1|p) that dominant
“physical” singularity (i.e. on the positive real axis) is the square root singularity at
z = 1=4. These singularities determines the radius of convergence of F(z; 1; a|p)—for
small a this is given by z=1=4, while for larger a it is determined by the simple pole
encountered when the denominator in Eq. (24) vanishes. These singularities cross at
the adsorption critical point, so that the critical value of a is given by the solution of
ac
ac − 1 = U (1=4; 1|p) ; or ac =
U (1=4; 1|p)
U (1=4; 1|p)− 1 : (27)
For short periods (small values of p) it is possible to evaluate U (1=4; 1|p), and hence
ac, exactly (this was done for alternating coloured paths in Ref. [22]). For larger values
of p this is no longer the case, and instead we explore the asymptotic behaviour of ac
as a function of p.
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In order to 4nd an asymptotic form for U (1=4; 1|p) and ac, we 4nd a uniform
asymptotic estimate of the summands of U (z; 1|p) and then sum them together. The
starting point for this is to note that
D(z; 1) = 1 +
∑
n¿1
(
2n
n
)
zn
n+ 1
; (28)
and so
U (1=4; 1|p) = 1 +
∑
n¿1
(
2np
np
)
4−np
np+ 1
: (29)
The uniform asymptotics of the summands of U (1=4; 1|p) may be found from the
asymptotics of the coeEcients of D(z; 1), and may be calculated by evaluating the
contour integral (1=2i)
∮
[D(z; 1)=zn+1] dz, with a contour which circles the origin.
This gives the following lemma:
Lemma 4. There exists M ∈ [0;∞) such that for su<ciently large n,∣∣∣∣∣ 1n+ 1
(
2n
n
) √
n3
4n
−
(
1− 9
8n
+
145
128n2
)∣∣∣∣∣¡ Mn3 : (30)
Proof. This follows from Stirling’s formula, but can also be obtained by following
the method outlined in Theorem 5.2 in chapter 5 of Flajolet and Sedgewick [11]. The
coeEcient of zn in D(z; 1) may be evaluated from the following contour integral:
1
2i
∮
D(z; 1)
dz
zn+1
=
4n+1
2i
√
n3
∫ ∞
0
√−t(1 + t=n)−n−2 dt: (31)
Another (and easier) way to derive this integral representation of Catalan numbers is
to observe that it is a special case of the beta integral:∫ ∞
0
tx−1
(1 + t)x+y
dt =
)(x))(y)
)(x + y)
; (32)
where we take x= 32 and y=n+1=2 [1]. We expand
√−t(1+ t=n)−n−2 asymptotically
and uniformly in n:
√−t(1 + t=n)−n−2 = i√te−t
[
1 +
t2 − 4t
2n
+
8t2 − 32t3 + 3t4
24n2
+ O(n−3)
]
: (33)
Integrating this term by term gives the lemma.
Next we use the above lemma to explore the asymptotic behaviour of U (1=4; 1|p)
for large p; this will give an asymptotic expression for the location of ac, the adsorption
critical point. This expression gives an idea of how the adsorption transition is a6ected
by a regular inhomogeneity in the polymer.
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Theorem 5. The function U (1=4; 1|p) is (as a function of p) asymptotic to
U (1=4; 1|p) ∼ 1 + 1√
p3
(
*(3=2)− 9*(5=2)
8p
+
145*(7=2)
128p2
+ O(1=p3)
)
: (34)
Thus the adsorption critical point ac(p)=U (1=4; 1|p) =U (1=4; 1|p)− 1 is asymptotic
to
ac(p)∼
√

*(3=2)
p3=2 +
9
√
*(5=2)
8*(3=2)2
p1=2 + 1
+
√
(162*(5=2)2 − 145*(7=2)*(3=2))
128*(3=2)3
p−1=2 + O(p−3=2): (35)
Proof. By Lemma 4 there exists M ∈ [0;∞) such that for suEciently large p we have∣∣∣∣∣ 1p+ 1
(
2p
p
)
4−p − 1√

(
1
p3=2
− 9
8p5=2
+
145
128p7=2
)∣∣∣∣∣6M=p9=2:
Replace p by kp, and then sum over k¿ 1:∣∣∣∣∣
∑
k¿1
1
kp+ 1
(
2kp
kp
)
4−kp −
∑
k¿1
1√

(
1
(kp)3=2
− 9
8(kp)5=2
+
145
128(kp)7=2
)∣∣∣∣∣
6
∑
k¿1
M=(kp)9=2: (36)
Since
∑
k¿1(kp)
−+ = *(+)p−+, we have∣∣∣∣∣
∑
k¿1
1
kp+ 1
(
2kp
kp
)
4−kp − 1√

(
*(3=2)
p3=2
− 9*(5=2)
8p5=2
+
145*(7=2)
128p7=2
)∣∣∣∣∣
6M*(9=2)=p9=2 (37)
Since U (1=4; 1|p)=1+∑k¿1 (1=(kp+1))( 2kpkp ) 4−kp, the 4rst equation follows. The
second equation follows immediately from this.
We now consider the critical behaviour of these vertex-coloured Dyck paths, in
particular the radius of convergence and the critical exponents describing the behaviour
of the generating function. The critical curve zc(a) is divided into two parts, namely
zc(a) =
{
1=4 a6 ac;
U−1(a=(a− 1)|p) a¿ac
(38)
where U−1(x|p) denotes the inverse function of U (z; 1|p).
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Let us consider the sub-critical behaviour of the generating function; expanding
D(z; 1) and U (z; 1|p) about z = 1=4 we 4nd that
D(z; 1) ∼ 2− 2√1− 4z +O(1− 4z);
U (z; 1|p) ∼ U (1=4; 1|p)− 2
√
1− 4z
p
+O(1− 4z):
Substituting these into the expression for F(z; 1; a|p) in Theorem 2 gives
F(z; 1; a|p)∼ 2a− 2a
√
1− 4z +O(1− 4z)
a+ (1− a) (U (1=4; 1|p)− (2=p)√1− 4z)+O(1− 4z)
∼C0(p; a) + C1(p; a)
√
1− 4z:
Thus, the dominant singular term in 1− 4z is a square root, and (2− −) = +1=2. A
similar analysis at a=ac gives the critical exponent (2−t)=−1=2. Lastly, for a¿ac
the singularity is a simple pole and so (2− +) =−1.
Again we 4nd that the generating function is convergent along the -line, but di-
vergent at the adsorption transition, and so the exponent (2 − u) exists. Substituting
z = 1=4 into the expression for F gives
F(1=4; 1; a|p) = D(1=4; 1)
a+ (1− a)U (1=4; 1|p) ∼ (ac − a)
−1; (39)
so that (2− u) =−1, and so the crossover exponent = (2− t)=(2− u) = 1=2.
3.4. Analysis of {BAp−1}∗B
We have already shown that the generating function F(z; a; 1=a|p) enumerates a
copolymer model of adsorbing Dyck paths coloured {BAp−1}∗B, where a generates
A-visits. The explicit expression for this generating function is
F(z; a; 1=a|p) = D(z; a)
1 + (1− 1=a)U (z; a|p) (40)
with D(z; a) and U (z; a|p) de4ned as above. As in the previous example, at z=1=4 this
generating function has square root singularities arising from D(z; a) and U (z; a|p). If
a¿ 2, then both D(z; a) and U (z; a|p) have simple poles at z=(a− 1)=a2. In addition
to these singularities, there is also a simple pole whenever the denominator is zero,
i.e. when
a+ (a− 1)U (z; a|p) = 0: (41)
It is not hard to show (see below) that the simple poles arising in D(z; a) and U (z; a|p)
cancel so that F(z; a; 1=a|p) is not singular at the point z= (a− 1)=a2; this is contrary
to what is observed for the homopolymer model in Eq. (5).
When a is suEciently small (in the desorbed phase) the dominant singularity in
F(z; a; 1=a|p) will be a square root singularity at z = 1=4. To see this we note that
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D(z; a) may be written as
D(z; a) =
f(z; a)
1− ’z ; (42)
where ’= a2=(a− 1) and f(z; a)= a (2− a− a√1− 4z) =2(1− a) and using Eq. (25)
we have
U (z; a|p) = 1
p
p−1∑
j=0
f(zj; a)
1− ’zj ; where  = e
2i=p: (43)
This allows us to write
F(z; a; 1=a|p) =
[
af(z; a)
1− ’z
]a+ a− 1
p
p−1∑
j=0
f(zj; a)
1− ’zj


−1
= [af(z; a)]

a− 1
p
f(z; a) + (1− ’z)

a+ a− 1
p
p−1∑
j=1
f(zj; a)
1− ’zj




−1
:
(44)
Let us now consider the potential singularities in this expression: Along the curve
(1− ’z) = 0 we see that F(z; a; 1=a|p) is equal to a(a− 1)=p. Hence the simple pole
in D(z; a) cancels with a pole in U (z; a|p) and neither gives rise to a singularity. The
other poles in U (z; a|p) are zeros of F(z; a; 1=a|p) and consequently these do not give
rise to singularities either, proving our claim. In the case that z = 1=4 and 1 − ’¿ 0
(when a is small enough), then the square root singularities in f(z; a) do not cancel
and are thus present in F(z; a; 1=a|p). Lastly, there is still a locus of simple poles in
F(z; a; 1=a|p) along the curve a+ (a− 1)U (z; a|p) = 0. The intersection of this curve
with z = 1=4 gives the location of the adsorption critical point in F(z; a; 1=a|p).
The critical exponents for this model are, once again, the same as those of the
homopolymer problem. In fact this value of the cross-over exponent seems to be the
same for all models of adsorbing linear polymers in two dimensions and possibly three
(though this is still the subject of some debate) [9,16,19,22].
As before, we would like to determine the asymptotic dependence of the adsorption
critical point on p for this model. This is essentially determined by the asymptotic
behaviour of the generating function U (1=4; a|p). If the analysis [11,12] of Section
3.3 is naively repeated on this problem (i.e. non-rigorously) then one obtains
U (1=4; a|p) ≈ a+ (a− 2)
a
(
’p+1
4p − ’p
)
+
*(3=2)√
p3
(
’
’− 4
)
+O(p−5=2): (45)
The second term in this expansion is due to the simple pole, while the branch point at
z = 1=4 gives rise to the third (and higher) terms. This expansion breaks down when
a=2, since the simple pole and branch point coalesce, giving a di6erent branch point
at z = 1=4.
One might hope that this expansion is still adequate for a close to ac(p). However,
when p is large almost all visits are A-visits and the model should behave much like
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Fig. 5. A plot of U (1=4; a|50) (upper curve) and its approximation by Eq. (45) (lower curve). The horizontal
axis is the negative logarithm of the distance from a = 2. The approximation appears to be good for
a¿ 2:1, but then deteriorates rapidly. Unfortunately, ac(50) = 2:0215 : : :, and so cannot be computed from
the asymptotic approximation of U (1=4; a|p).
the homopolymer model, and so we expect ac(p) → 2+. For increasing p we 4nd
that this expansion is accurate on an increasing portion of the a-axis, however at the
same time, ac(p) approaches 2+, precisely where the expansion of U (1=4; a|p) is poor,
due to the coalescing of the singularities in D(z; a) as a → 2+. This is con4rmed by
numerical analysis—in Fig. 5 we plot both the exact value and asymptotic estimate of
U (1=4; a|50) against log10(a − 2). It shows that the approximation is poor when a is
close to ac(50) = 2:0215337 : : : .
Since we were unable to proceed analytically, we hypothesised a scaling form using
numerical data. Using the CLN 5 library for c++, we computed ac(p) to 300 signi4cant
digits for p from 10 to 400, and then to 1000 digits for p from 1000 to 1100.
Plotting this data and using the techniques described in [8,17], we reached the following
hypothesis for the asymptotic behaviour of ac(p):
ac(p) ∼ 2 + 1=p+ c1=p3=2 + c2=p2 + c3=p5=2 + O(p−3); (46)
where
c1 = 0:41198± 0:00002;
c2 = 0:792± 0:002;
c3 = 0:83± 0:02:
The estimates of the constant in the p−1 term rapidly approach 1 as p increases, and it
appears not to di6er from 1 by more than 10−4. In these circumstances, it is reasonable
5 The CLN package provides, amongst many other things, arbitrary precision complex number arithmetic
functions for c++. At the time of writing, it was available from http://www.ginac.de/CLN/.
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Table 1
A table of the critical adsorption points for vertex-coloured Dyck paths
Period {ABp−1}∗A {BAp−1}∗B
p
Actual Asymptotic Actual Asymptotic
1 2 1.965 No transition
2 2 +
√
2 3.399 2 +
√
2 5.03
3 5.152712190 5.144 2.631303464 2.99
4 7.165355763 7.159 2.403090211 2.55
5 9.419630950 9.415 2.295052084 2.38
10 23.66348531 23.6618 2.124630022 2.1236
20 63.41544315 63.4148 2.057152564 2.0571
30 114.6142480 114.614 2.036915291 2.0369
40 175.1068722 175.107 2.027215547 2.0272
50 243.6370630 243.637 2.021533738 2.0215
1000 21468.92712 21468.927 2.001013847 2.00101
∞ No transition 2 2
For  = {ABp−1}∗A we have computed ac(p) using Eq. (27), while for the complementary colouring,
 = {BAp−1}∗B, we have computed ac(p) by solving Eq. (41) numerically using the CLN high-precision
numerics library for C++. For the sake of comparison, we have also included estimates using the asymptotic
expressions in Theorem 5 and Eq. (46).
to hypothesise that it is equal to 1. That the 4rst coeEcient in the asymptotic expansion
of ac(p) is so close to 1 (if not exactly equal to 1) is quite suggestive that this leading
asymptotic behaviour could perhaps be solved exactly—unfortunately we have not yet
been able to do so. We also note here that a similar numerical analysis on F(z; a; 1|p)
agrees with the results of Theorem 5.
4. Conclusions
We have found a type of symmetry relation that we call an exchange relation.
This relation allows us to solve two in4nite families of vertex-coloured Dyck paths.
These can be interpreted as models of fully directed copolymer adsorption, and we are
able to 4nd all the critical exponents associated with the adsorption transition. If the
period of the colouring is short, then we are able to 4nd exact expressions for the
location of the adsorption transition, while for moderately long periods we are able to
compute it numerically (see Table 1). For one of the two families we are also able
to 4nd an exact asymptotic expression for the critical point in terms of the period of
the colouring. This expression gives an idea of the e6ect of a regular inhomogeneity
on the adsorption transition. Unfortunately for the other family, we are only able to
hypothesize an asymptotic form.
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Exchange relations have also been found in both vertex-coloured and edge-coloured
Motzkin paths and partially directed walks [3] and a paper is currently in preparation
[23]. Unfortunately, it is not clear that the exchange-relation technique may be ap-
plied to more general colourings, however these models are certainly worthy of further
investigation.
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Appendix A. Other periodic colourings6
Consider the problem of enumerating Dyck paths of half-length divisible by n, and
coloured by the periodic sequence of colours {ACr−1BCs−1}∗A on the even vertices
of the path as before, and with r + s = n. An excursion (see Section 2.1) is also a
primitive Dyck path; and we generalise these objects by allowing them to start (have
initial vertex) anywhere on the adsorbing axis. De4ne the following near-excursions
or almost primitive coloured Dyck paths, denoted PAA, PAB, PBB, PBA.
• Let PAA be the set of Dyck paths coloured by {ACr−1BCs−1}∗A with exactly two
visits of colour A (the 4rst and last vertices) at positions congruent to 0mod 2n,
and with no visits of colour B. There could be a number of visits of colour C. The
lengths of the paths in PAA are congruent to 0mod 2n.
• Let PAB be the set of Dyck paths with exactly one A-visit (its 4rst vertex) at a
position congruent to 0mod 2n, and exactly one visit of colour B (which is also
its last vertex) at position 2rmod 2n. There could be any number of C visits. The
length of the paths are congruent to 2rmod 2n.
• Let PBA be the set of Dyck paths with exactly one B-visit (its 4rst vertex) at a
position 2rmod 2n, and exactly one visit of colour A (which is also its last vertex)
at position 0mod 2n. There could be any number of C visits. The length of the paths
are congruent to 2smod 2n.
• Finally PBB is the set of coloured Dyck paths of half length congruent to 0mod 2n
with zero A-visits, and exactly two B visits at positions congruent to 2rmod 2n (these
are the 4rst and last vertices).
The generating functions of the paths in the sets above may be denoted by DAA(z),
DAB(z), DBA(z), DBB(z) (respectively) where z is the weight of the half-length of the
paths. The generating function of a Dyck path coloured by {ACr−1BCs−1}∗A can be
factored by cutting these paths at their penultimate A visit. This will factor the path
6This is an appendix due to an unknown referee who pointed out that the generating functions for more
complicated periodic colourings of adsorbing Dyck path models of copolymers can be determined.
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Fig. 6. An automata that constructs Dyck paths coloured by {ACr−1BCs−1}∗A. The vertices A and B
represent those Dyck paths ending in a vertex coloured A and B, respectively. The edge-weights correspond
to adding Dyck paths from the sets PAA, PAB, PBA and PBB.
into a (shorter) Dyck path coloured by {ACr−1BCs−1}∗A, and a path from the set PAA.
If the path is instead cut at its last B visit, then it is factored into a (shorter) Dyck
path coloured by {ACr−1BCs−1}∗ACr−1B and a path from PBA. Similarly, one may
instead consider paths in the set PBB coloured by {BCs−1ACr−1}∗B, and cut it at its
last A visit, and at its last B visit. These factorisations can be described conveniently
by a 4nite state automata with two states A (if the path ends in an A visit), and
B (if the path ends in a B visit). To the paths in state A one may add paths from
PAB to end up in state B, or paths from PAA to remain in state A, and similarly for
state B. The automaton is illustrated in Fig. 6, where the operations are denoted by
the arcs.
Since Catalan numbers cn counts Dyck paths of half-length n, the matrix C
C =


∑
n¿0
cntznt
∑
n¿0
cnt+rznt+r
∑
n¿0
cnt+sznt+s
∑
n¿0
cntznt

 (A.1)
has entries that are the generating functions of Dyck paths of half-lengths congruent to
0mod n, to rmod n, and to smod n. The generating functions of nearly primitive paths
can similarly be put in matrix form:
D =
(
DAA(z) DAB(z)
DBA(z) DBB(z)
)
: (A.2)
Since the paths in C can be decomposed into nearly primitive paths as described by
the automaton in Fig. 6, it follows that
C =
∑
n¿0
Dn = (I − D)−1; (A.3)
where I is the identity matrix. One may invert the matrices above to get a solution
for D, so that the generating functions of nearly primitive Dyck paths are then known
(provided that C can be computed). In this case, D = I − C−1.
One may now slightly modify this to take into account the weights a and b associated
with visits of colour A or colour B. By replacing the matrix D above by Dab given by
Dab =
(
aDAA(z) bDAB(z)
aDBA(z) bDBB(z)
)
(A.4)
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the generating function of Dyck paths coloured by {ACr−1BCs−1}∗A with A visits
weighted by a and B visits by b is given by the (1; 1) element of the matrix (I−Dab)−1.
Similar approaches can be implemented in cases of more complicated periodic se-
quences of coloured vertices.
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